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ujifbﬀ/fen}i6c{i3dc{i3uju{ghzai6ZsFxFfeghbdxFu3  \nFi]di3xFice_ahgri3k iíBì!baxFi3xfegr_aÚZsFxFfegrbax
ep
gruﬂkFiîFxFi3k _ﬀu
fen}isFxFghq>s}i*ujbars}fjgrbdx ba\fenFi*grxFg fegÝ_ﬀzﬀ_arsFi6ìFcjba`Frip
y∆ = p(t)y, y(0) = 1
v nFi3c{i
p
gru_
cjidcjiuju{ghzdiﬂZsFxFfeghbdxÚxiíBìFhgrghf7Zbdc{p%sFr_-Zbdc
ep(t, 0)
gru\aghzdix`
ep(t, s) = exp
{∫ t
s
ξµ(τ)(p(τ))∆τ
}
ghfen
ξh(z) =
{
Log(1 + hz)
h
gh
h 6= 0,
z
gh
h = 0.
2CbdcÚp]bdcji\kFif_aghruvuji3i ¨ ﬂ/ri³_ﬀcjhav
ep(t, s)
xFizdicÖzﬀ_axFghujnFiu3 
 ixFb dghzaiujbdp]i\ZsFxFkC_ap]i3x>
f_ﬀIìFc{bdìOi3c{fjgriu baÚfjnFii$íBì!bdx}i3xfegr_aZs}xFfjgrbdx ^0if
p, q : T → 

f bcjidcjiujujg zdiZs}xFfjgrbdxFu

 i|k}iîCxFi
p⊕ q = p+ q + µpq, 	p := −
p
1 + µp
, p	 q := p⊕ (	q).
+-,./ 102+v aŁdŁ4365 bF

>vCì;ø
 T
<tMDU<'&  ¸´´¹B®*¤ﬂª­}©aª
p, q : T → 

©a¯e¤¯e¤0a¯e¤´´¦a¤ù±$¹>· §ª¦¨«U·}´-;ª­C¤·mª­C¤Ú±³«Uººr«


¦·'ä­C«Uº ¥
	
ﬃ¡¦*!
e0(t, s) ≡ 1
©a·O¥
ep(t, t) ≡ 1 
ﬃ¡¦¦*!
ep(σ(t), s) = (1 + µ(t)p(t))ep(t, s);
ﬃ¡¦¦¦*! 1
ep(t, s)
= e	p(t, s);
ﬃ¡¦ !
ep(t, s)
1
ep(s, t)
= e	p(s, t);
ﬃ  !
ep(t, s)ep(s, r) = ep(t, r);
ﬃ µ¦*!
ep(t, s)eq(t, s) = ep⊕q(t, s);
ﬃ µ¦¦*! ep(t, s)
eq(t, s)
= ep	q(t, s).
C([0, b], 
 )
gru/fjnFi|7_axC_ﬀnu{ìC_a3iﬂba_ah3bdxfjgrxtsFbdsFu7Zs}xFfjgrbdxFu\Zc{bdp
[0, b]
ghxfeb


ghfen
fen}i|x}bdcjp
‖y‖∞ = sup{|y(t)| : t ∈ [0, b]}.
L1([0, b], 
 )
k}i3xFbafji6fjnFi*u{ìC_a3i6ba7ZsFx}feghbdxFuﬂZcjbdp
[0, b]
grxfjb


n}grn _ac{i^0i3`Oi3u{dsFi
grxfji3dcj_a`FrigrxfenFifjgrp]iWuj3_ariﬂujixFuji|xFbdc{p6ik,`t
‖y‖L1 =
∫ b
0
|y(t)|∆t
Zbdc\i3_an
y ∈ L1([0, b], 
 )
AC((0, b), 
 )
ghufjnFi7u{ìC_a3i\bﬀkFg

i3c{i3xfegr_a`Fri;ZsFxFfeghbdxFu
y : (0, b) → 

nFbauji7îCc{u{fÚkFihfe_
kFicjghzﬀ_ﬀfjghzaiav
y∆
vCghu_a`Fu{bdrs}fji3 3baxtfjgrxtsFbds}u3
^0if
(X, | · |)
`Oi_xFbdcjp]i3k ujìC_aiav
P(X) = {Y ⊂ X : Y 6= ∅}
v
Pcl(X) = {Y ∈
P (X) : Y
3hbdujik
}
v
Pb(X) = {Y ∈ P(X) : Y
`!bds}xFkFi3k
}, Pc(X) = {Y ∈ P (X) : Y
3baxtzaií
}, Pcp(X) = {Y ∈ P(X) : Y
3bdp]ìC_af
}.
 p%s}hfeg zﬀ_arsFik p*_aì
N : [0, b] →
Pcl( 
 )
gruue_ﬀgrk feb,`Oi®*¤j©U´¹>¯{©»3ºr¤vgh;Zbdcizdic{
y ∈ 

vfjnFiþZsFxFfjgrbdx
t 7−→ d(y,N(t)) =
inf{|y − z| : z ∈ N(t)}
gru-p6i3_aujs}ce_a`Fhi nFicji
d
gru|fenFi*p6ifecjgh*ghxFkFsFi3k ` fjnFi7_ﬀxC_an
ujìF_a3i



ë
x nC_ﬀfZbdhrbu3v i ghr0_ﬀujujs}p6iﬂfenC_UfyfjnFiZsFxFfegrbax
F : [0, b]× 
 → P( 
 )
gru
ﬂ7_acj_ﬀfenFobBk}bdc{avCg¨ia

g
 t→ F (t, x)
gru\p]i³_au{sFce_a`}riZbdc\i3_an
x ∈ 

v

ghg
 x→ F (t, x)
ghu\sFìFìOi3cujip6gh3bdxfjgrxtsFbdsFu7Zbac_arp]bdu{f\_ar
t ∈ [0, b]
v
2Cbdc\i³_ﬀn
y ∈ C([0, b], 
 )
vChif
SF,y
fenFiﬂujifybau{i3hi3fjgrbdx}uybﬀ
F
k}iîCxFikm`
SF,y = {v ∈ L
1([0, b], 
 ) : v(t) ∈ F (t, y(t)), a.e. t ∈ [0, b]}.
 \nFiZbdhrbgrx}^0i3p]p6_|ghu/3c{sF3gr_agrx*fjnFiì}cjb>ba0ba
bds}c/p6_agrx]cjiujsF feu n}i3xfen}iWp%sF feghzﬀ_aÉ
sFikp6_aì,nC_au3baxtzaiízﬀ_ars}i3u3
+-,./ 102+v aŁdŁ4365 bF
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  < & & A,      ¤ª
X
»¤ © ¶ ©a·O©>§­ ´
	}©>§¤  ¤ª
F : J × X −→ Pcp,c(X)
»¤ ©

©a¯{©aªZ­	«3¥>«U¯$°|®þ¹BºÐª@¦U©aºÐ¹C¤j¥þ®]© 	m©a·O¥ºr¤ª
Γ
»¤W©%ºÐ¦· ¤j©a¯W§«U·Cª¦·C¹C«U¹´®]© 	 	O¦·';±$¯«U®
L1(J,X)
ª«
C(J,X)
;ª­C¤· ª­C¤þ«-	C¤¯j©aª«U¯
Γ ◦ SF : C(J,X) −→ Pcp,c(C(J,X)),
y 7−→ (Γ ◦ SF )(y) := Γ(SF (y))
¦r´©,§ºr«µ´µ¤j¥a¯{© 	C­à«-	C¤¯{©aª«U¯ﬂ¦·
C(J,X)× C(J,X).


  *3
	,/	'	
,$

 i grr!_au{ujsFp]iWZbdc/fjnFicjip*_aghxFkFic/ba
fen}gru\ìC_aìOi3cfenC_ﬀf3v}Zbdc7i3_an
k = 1, . . . , m,
fen}iì!bdghxfeu
baCghp6ì}sFru{i
tk
_ac{ic{grdnfIkFi3xFu{ia ë xbdcjkFicfjbkFiîCxFi/fjnFi/u{bdrsBfegrbax|bﬀ
 	 
ø

v	/i7u{nC_ah>bdxFu{grkFic
fen}iﬂZbarrbghxF%ujìF_a3iﬀ
PC = {y : [0, b] −→ 
 : yk ∈ C(Jk, 
 ), k = 0, . . . , m,
_axFk,fen}i3cjiﬂi$í}ghu{f
y(t−k )
_axFk
y(t+k )
ghfjn
y(t−k ) = y(tk), k = 1, . . . , m},
nFghnghu_]/_axC_anujìC_ﬀ3i ghfenfjnFiﬂxFbdcjp
‖y‖PC = max{‖yk‖Jk, k = 0, . . . , m},
nFicji
yk
ghuùfenFicjiu{fjcjgrfeghbdxþba
y
feb
Jk = (tk, tk+1] ⊂ [0, b], k = 1, . . . , m
v>_ax}k
J0 = [t0, t1].
^0ifysFuu{fe_ac{fy`kFiîCxFgrx} nC_Uf /i|p6i3_ax,`_äu{bdrsBfegrbaxbaì}cjbd`Fhi3p
 	


ø


 
<÷ùRHZõµH@MOR)
¸ ±$¹>· §ª¦¨«U·
y ∈ PC ∩AC(J\{t1, . . . tm}, 
 )
¦r´y´3©a¦@¥äª«]»¤©þ´µ«UºÐ¹>ª@¦¨«U· «¬±
ﬃ ! ﬃ !ä¦ ±ª­C¤¯e¤þ¤ d¦r´ªZ´|© ±$¹B· §ª@¦¨«U·
v ∈ L1([0, b], 
 )
´¹C§­,ªZ­}©aª
y∆(t) + p(t)yσ(t) = v(t)
© @¤ﬂ«U·
J\{tk}, k = 1, . . . , m,
©a·O¥,±³«U¯ ¤j©>§­
k = 1, . . . , m
*ª­C¤þ±$¹B· §ª@¦¨«U·
y
´3©aª@¦r´ "7¤´ ª­C¤ §«U·O¥a¦ª@¦¨«U·
y(t+k ) − y(t
−
k ) =
Ik(y(t
−
k )),
©a·O¥6ª­C¤|¦·Cª@¦@©aºI§«U·O¥a¦ª¦¨«U·
y(0) = η.

 iﬂxFii3kfenFiZbdhrbgrxF%_asBíBgrhgÝ_acK6c{i3u{sFhf

uji3i ¢û


 
< & & A,) ﬀﬁ
¤ª
p : T → 

»¤
rd−
§«U·Cª@¦·C¹«U¹´*©a·O¥m¯e¤0a¯e¤´´¦a¤¹ 	 	C«µ´µ¤
f : T → 

rd−
§«U·Cª@¦·C¹«U¹´

¤ª
t0 ∈ T,
©a·O¥
y0 ∈ 
 .
­C¤· 
y
¦r´ª­C¤%¹>·C¦3¹¤|´µ«UºÐ¹>ª¦¨«U· «¬±ª­C¤þ¦·C¦ª@¦@©aº
U©aºÐ¹C¤	O¯e«a»3ºr¤®
y∆(t) + p(t)yσ(t) = f(t), t ∈ [0, b] ∩ T, t 6= tk, k = 1, . . . , m 
ú

y(t+k )− y(t
−
k ) = Ik(y(t
−
k )), k = 1, . . . , m, 
3

y(0) = y0, 
ü

¦ ±-©a·O¥,«U·CºÐ°]¦ ±
y(t) = e	p(t, 0)y0 +
∫ t
0
e	p(t, s)f(s)∆s+
∑
0<tk<t
e	p(t, tk)Ik(y(t
−
k )). 
û

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^0ifysFugrxfec{bBk}sF3ifen}iﬂZbarrbghxFn>ì!bﬀfenFiuji3u nFgrn_ac{i-_ﬀujujs}p6iknFicji3_ﬀfeic3



 \nFiZsFx}feghbdx
F : [0, b]× 
 → P( 
 )
gru ﬂ7_acj_ﬀfenFobBk}bdc{a

W

 \nFicji|iíBgruKf3bdx}u{f_ﬀxtfju
ck > 0
u{sFnfjnC_ﬀf
|Ik(x)| ≤ ck
Zbdc\i³_ﬀn
k = 1, . . . , m
_ﬀxFkZbac_ar
x ∈ 
 .

ø

 \nFicjiþi$í}ghu{fﬂ_63bdxfeghxtsFbdsFuWx}bdxBk}i33c{i³_au{grxFZs}xFfjgrbdx
ψ : [0,∞) −→ (0,∞),
_]ZsFxF
fjgrbdx
p ∈ L1([0, b], 
 +)
_ax}km_þ3baxFu{fe_axf
M > 0
u{sFnfjnC_ﬀf
‖F (t, x)‖P = sup{|v| : v ∈ F (t, x)} ≤ p(t)ψ(|x|)
Zbac\i³_an
(t, x) ∈ [0, b]× 
 ,
_ax}k
M
|η| sup
t∈[0,b]
e	p(t, 0) +
m∑
k=1
ck sup
t∈[0,b]
e	p(t, tk) + sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)ψ(M)
∫ b
0
p(s)∆s
> 1.
 
T
<tMDU<'& )ﬀ)
¹ 	 	C«µ´µ¤ﬂª­}©aªÖ­>°-	C«Uª­C¤´µ¤´ ﬃ   ! ﬃ   !þ­C«Uº ¥  ­C¤·àª­C¤¦® 	O¹>º ´¦a¤-¥a°U·O©a®þ¦¨§
¦· §ºÐ¹´¦¨«U·}´1ﬃ ! ﬃ !­}©U´©aªÖºr¤j©U´ª7«U· ¤´µ«UºÐ¹Bª@¦¨«U· «U·
[0, b]


DGMM 
 ce_axFuKZbdcjp fjnFi]ìFcjbd`}ri3p
 	 
ø

ghxtfjb_î}íBi3k ì!bagrxf|ìFcjbd`}ri3pﬂ/bdxFujghkFi3cﬂfen}i
bdìOi3cj_ﬀfebdc
N : PC −→ P(PC)
k}iîCxFikm`
N(y) = {h ∈ PC : h(t) = e	p(t, 0)η +
∫ t
0
e	p(t, s)v(s)∆s
+
∑
0<tk<t
e	p(t, tk)Ik(y(t
−
k )), v ∈ SF,y}.
%
<'& AFDG?()

ºr¤j©a¯ºÐ° B±$¯«U®

¤®þ®]©  

Úª­C¤ "$B¤j¥ 	C«U¦·CªZ´|«¬±
N
©a¯¤y´µ«UºÐ¹>ª¦¨«U·}´ª¬« ﬃ ! ﬃ ! 

 iujnF_arujnFb fenF_ﬀf
N
ue_ﬀfjgruKîCi3uyfenFiþ_ﬀujujs}p6ì}fjgrbdx}u baÚfjnFix}bdxFrghxFi³_ﬀc _ﬀhfeicjxC_Ufeghzai-bﬀÖ^
ice_³
~BnC_ﬀsFkFi3cf>ì!iﬀ  \nFi-ì}cjb>ba grr `!idg zdixghxu{izai3ce_ﬀuKfeiìFu3
ï õ³<>é Cê
N(y)
ghu\3bdxzdi$íZbdc\i³_an
y ∈ PC

ë
xFkFii3kv
gh
h1, h2
`Oi3rbaxFfeb
N(y)
vOfenFix fenFicjiþiíBghu{f
v1, v2 ∈ SF,y
ujsFn fenF_ﬀfWZbdcWi3_an
t ∈ [0, b]
/iﬂnC_³zdi
hi(t) = e	p(t, 0)η +
∫ t
0
e	p(t, s)vi(s)∆s +
∑
0<tk<t
e	p(t, tk)Ik(y(t
−
k )) (i = 1, 2).
^0if
0 ≤ d ≤ 1
  \nFi3x vZbac\i³_an
t ∈ [0, b]
iﬂnC_³zdi
(dh1 + (1− d)h2)(t) = e	p(t, 0)η +
∫ t
0
e	p(t, s)[dv1(s) + (1− d)v2(s)]∆s
+
∑
0<tk<t
e	p(t, tk)Ik(y(t
−
k )).
+-,./ 102+v aŁdŁ4365 bF
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>vCì;ü
~BghxF3i
SF,y
gru\bdxzdi$í

`!i³_as}uji
F
nC_au\bdxzdiízﬀ_ahsFi3u

vFfen}i3x
dh1 + (1− d)h2 ∈ N(y).
ï õ³<>é  
N
®]© 	C´-»«U¹B·O¥>¤j¥þ´µ¤ªZ´ﬂ¦·Cª«*»«U¹>·O¥>¤j¥ä´µ¤ªZ´|¦·
PC.
^0if
Bq = {y ∈ PC : ‖y‖PC ≤ q}
`!iy_|`!bds}xFkFi3k6ujif7grx
PC
_axFk
y ∈ Bq
vtfen}i3x6ZbacÖi3_an
h ∈ N(y)
v}fenFicjiﬂiíBghu{feu
v ∈ SF,y
u{sFnfjnC_ﬀf\Zbdc\i3_an
t ∈ [0, b]
v
h(t) = e	p(t, 0)η +
∫ t
0
e	p(t, s)v(s)∆s+
∑
0<tk<t
e	p(t, tk)Ik(y(t
−
k )).
2Ccjbdp



_axFk

 ø

/i|nC_³zdi
|h(t)| ≤ |η| sup
t∈[0,b]
e	p(t, 0) + sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)
∫ b
0
|v(s)|∆s
+
m∑
k=0
e	p(t, tk)ck
≤ |η| sup
t∈[0,b]
e	p(t, 0) + sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)
∫ b
0
ψ(q)p(s)∆s
+
m∑
k=0
sup
t∈[0,b]
e	p(t, tk)ck
≤ |η| sup
t∈[0,b]
e	p(t, 0) + sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)ψ(q)‖p‖L1
+
m∑
k=0
sup
t∈[0,b]
e	p(t, tk)ck.
ï õ³<>é )

N
®]© 	C´-»«U¹B·O¥>¤j¥þ´µ¤ªZ´ﬂ¦·Cª«¤ 3¹>¦¨§«U·Cª¦·C¹C«U¹t´´µ¤ª´%«¬±
PC

^0if
u1, u2 ∈ J, u1 < u2
_ax}k
Bq
`Oi|_þ`!bds}xFkFi3kujifyba
PC
_ﬀuyghx~>feiìàþ_axFk
y ∈ Bq

2Cbdc\i³_ﬀn
h ∈ N(y)
v}fen}i3cjiﬂi$í}ghu{fju
v ∈ SF,y
u{sFnfjnC_ﬀfZbdc\i3_an
t ∈ [0, b]
v
h(t) = e	p(t, 0)η +
∫ t
0
e	p(t, s)v(s)∆s+
∑
0<tk<t
e	p(t, tk)Ik(y(t
−
k )).
+-,./ 102+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 \nFixv /iﬂnC_³zdi
|h(u2)− h(u1)| ≤ |e	p(u2, 0)− e	p(u1, 0)||η|
+ψ(q)‖p‖L1
∫ u1
0
|e	p(u2, s)− e	p(u1, s)|∆s
+ψ(q)‖p‖L1
∫ u2
u1
e	p(u2, s)∆s
+
∑
0≤tk<u1
|e	p(u2, tk)− e	p(u1, tk)|ck
+
∑
u1≤tk<u2
e	p(u2, tk)ck.
 \nFiäcjghdnfnC_ax}k u{grkFi%fji3xFk}uWfeb,3icjb_au
u2 − u1 → 0
 uﬂ_3bdx}uji3qtsFixF3i6ba/~>feiìFu

feb,ø
febadifjnFi3c-ghfen]fenFi c{3i3 U ujbdrg  \nFibdcjipv /i ³_ax*3bdxFrsFk}i fenF_ﬀf
N : PC −→ P(PC)
gru
3bap6ìFhifji3h63baxtfjgrxtsFbds}u3
ï õ³<>é 

N
­}©U´-©§ºr«µ´µ¤j¥a¯{© 	C­ 
^0if
yn → y∗, hn ∈ N(yn)
_axFk
hn → h∗
 
 iﬂxFii3kfebäujnFb fjnC_ﬀf
h∗ ∈ N(y∗)

hn ∈ N(yn)
p6i3_axFu\fenF_ﬀf\fenFicjiﬂiíBghu{feu
vn ∈ SF,yn
ujsFnfenC_Uf\Zbdc\i³_an
t ∈ [0, b]
v
hn(t) = e	p(t, 0)η +
∫ t
0
e	p(t, s)vn(s)∆s+
∑
0<tk<t
e	p(t, tk)Ik(yn(t
−
k )).

 i|psFu{fyujn}b	 fenC_UfyfjnFi3c{iﬂiíBgruKfeu
h∗ ∈ SF,y∗
ujsFnfenC_ﬀf\Zbac\i³_an
t ∈ [0, b]
v
h∗(t) = e	p(t, 0)η +
∫ t
0
e	p(t, s)v∗(s)∆s+
∑
0<tk<t
e	p(t, tk)Ik(y∗(t
−
k )).
ﬂ/ri3_acj dvFu{grxFi
Ik, k = 1, . . . , m,
_ac{i3bdxfjgrxtsFbdsFuv /iﬂnC_³zdi
∥∥∥(hn− ∑
0<tk<t
e	p(t, tk)Ik(yn(t
−
k ))
)
−
(
h∗−
∑
0<tk<t
e	p(t, tk)Ik(y∗(t
−
k ))
)∥∥∥
PC
−→ 0,
_au
n→∞.
ﬂ/bdxFu{grkFic\fenFiﬂ3baxtfjgrxtsFbds}uyhgrxFi3_ac7bdìOi3cj_ﬀfebac
Γ : L1([0, b], 
 ) → C([0, b], 
 )
dg zdi3x`
v 7−→ (Γv)(t) =
∫ t
0
e	p(t, s)v(s)ds.

2Ccjbdp ^0i3p]p6_mB3BvIghf|Zbdrhb	ufjnC_ﬀf
Γ ◦ SF
gru-_rbdu{i3k dcj_aìFn baì!ice_ﬀfjbdc3lbdc{i3bµzdic3v i
nC_³zdi (
hn(t)−
∑
0<tk<t
e	p(t, tk)Ik(yn(t
−
k ))
)
∈ Γ(SF,yn).
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~BghxF3i
yn → y∗,
ghf7Zbarrbu7Zc{bdp^0i3p]p6_äB3fjnC_ﬀf\Zbdc\i3_an
t ∈ [0, b]
v
h∗(t) = e	p(t, 0)η +
∫ t
0
e	p(t, s)v∗(s)∆s+
∑
0<tk<t
e	p(t, tk)Ik(y∗(t
−
k )),
Zbdc\u{bdp6i
v∗ ∈ SF,v∗

ï õ³<>é ê ¸ 	O¯$¦¨«U¯¦Ú»«U¹B·O¥U´%«U·m´µ«UºÐ¹>ª@¦¨«U·}´
^0if
y
`OiujsFn,fenF_ﬀf
y ∈ λN(y)
Zbdc\u{bdp6i
λ ∈ (0, 1)
  \nFi3xvFfjnFi3c{iﬂiíBgruKfeu
v ∈ SF,y
u{sFn
fenF_ﬀf\Zbdc\i³_ﬀn
t ∈ [0, b]
v
y(t) = λe	p(t, 0)η + λ
∫ t
0
e	p(t, s)v(s)∆s+ λ
∑
0<tk<t
e	p(t, tk)Ik(y(t
−
k )).
 \nFghuyghp6ì}rgriu/`

W

_ax}k

ø

fjnC_ﬀf³vFZbac\i³_an
t ∈ [0, b]
v
|y(t)| ≤ |η| sup
t∈[0,b]
e	p(t, 0) +
m∑
k=1
ck sup
t∈[0,b]
e	p(t, tk)
+ sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)
∫ b
0
p(s)ψ(|y(s)|)∆s
≤ |η| sup
t∈[0,b]
e	p(t, 0) +
m∑
k=1
ck sup
t∈[0,b]
e	p(t, tk)
+ sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)ψ(‖y‖PC)
∫ b
0
p(s)∆s.
ﬂ/bdxFu{i3qtsFixtfjh
‖y‖PC
|η| sup
t∈[0,b]
e	p(t, 0) +
m∑
k=1
ck sup
t∈[0,b]
e	p(t, tk) + sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)ψ(‖y‖PC)
∫ b
0
p(s)∆s
≤ 1.
 \nFixm`

 ø

vBfenFicji|iíBgruKfeu
M
u{sFnfjnC_ﬀf
‖y‖PC 6= M.
^0if
U = {y ∈ PC : ‖y‖PC < M}.
 \nFibaì!ice_ﬀfjbdc
N : U → P(PC)
ghu-s}ìFì!icu{i3p]gr3baxtfjgrxtsFbds}u%_axFk 3bdp]ìFrifeih bdxfegrxtsFbasFu3

2Ccjbdp fen}i%nFbdgh3i%ba
U
v fjnFi3c{iþgru xFb
y ∈ ∂U
ujsFn fjnC_ﬀf
y ∈ λN(y)
Zbacujbap6i
λ ∈ (0, 1).
u_6bdxFujiqtsFi3xFiþbafjnFix}bdxFrghxFi³_ﬀc_ahfji3cjxF_ﬀfeg zdi|baÚ^0i3cj_³t¬~BnC_as}kFi3cf>ìOi 

üv /i-kFi3kFs}3i
fenF_ﬀf
N
nC_auy_þî}íBi3kì!bdghxf
y
grx
U
n}grnmghu_þujbdhs}feghbdxbafenFiﬂìFc{bd`Frip
	 
ø



 ix}b	 ìFc{i3ujixf f bäbafenFic7iíBghu{feixF3i|cjiujsF feu/Zbac/fenFiì}cjbd`Fhi3p
 	 
ø

nFi3x,fen}icjgrantf
nC_ax}kujgrk}iWnC_au7bdxzdi$ízﬀ_arsFiu7sFxFk}i3c i³_aﬀi3c\3baxFkFghfjgrbdx}u/bdxfjnFiZsFxFfeghbdxFu
Ik (k = 1, ..., m)

_ﬀuys}uji3kgrx
4
Zbac\grp]ìFsFru{ghzaiWkFg

i3c{i3xfegr_aghxF3hsFujghbdxFu


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ﬃ   ! ­C¤¯e¤%¤ d¦r´ª\§«U·}´ª¡©a·Cª´
ck > 0
´¹§­ª­}©aª
|Ik(x)| ≤ ck|x|
±³«U¯%¤j©>§­
k = 1, ..., m
©a·O¥©aºº
x ∈ 
 .
ﬃ   !
Hd(F (t, y), F (t, y)) ≤ l(t)|y − y|
±³«U¯¤j©>§­
t ∈ [0, b]
©a·O¥ ©aºº
y, y ∈ 
 
­C¤¯e¤
l ∈
L1([0, b], 
 +) ∩R
+ ©a·O¥ d(0, F (t, 0)) ≤ l(t)
© @¤
t ∈ [0, b].
+Z±
sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)‖l‖L1 +
m∑
k=1
sup
t∈[0,b]
e	p(t, tk)ck < 1,
ª­C¤· ªZ­C¤	O¯e«a»3ºr¤® ﬃ ! ﬃ !­}©U´-©aªºr¤j©U´ª\«U· ¤W´µ«UºÐ¹>ª¦¨«U· «U·
[0, b]

 DGMM  ^0if
y
`!iujsFnfjnC_ﬀf
y ∈ λN(y)
Zbdc]ujbdp]i
λ ∈ (0, 1)
  \nFixv7fen}i3cjimiíBgruKf
v ∈ SF,y
u{sFnfjnC_ﬀf\Zbdc\i3_an
t ∈ [0, b]
v
y(t) = λe	p(t, 0)η + λ
∫ t
0
e	p(t, s)v(s)∆s+ λ
∑
0<tk<t
e	p(t, tk)Ik(y(t
−
k )).
 \nFghuyghp6ì}rgriu/`

 ú

_ax}k

 3

fjnC_ﬀfZbdc\i³_ﬀn
t ∈ [0, b]
v
|y(t)| ≤ |η| sup
t∈[0,b]
e	p(t, 0) +
m∑
k=1
sup
t∈[0,b]
e	p(t, tk)ck|y(t
−
k )|
+ sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)
∫ b
0
|v(s)|∆s.
≤ |η| sup
t∈[0,b]
e	p(t, 0) +
m∑
k=1
sup
t∈[0,b]
e	p(t, tk)ck|y(t
−
k )|
+ sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)
∫ b
0
|l(s)y(s) + l(s)|∆s
≤ |η| sup
t∈[0,b]
e	p(t, 0) +
m∑
k=1
sup
t∈[0,b]
e	p(t, tk)ck‖y‖PC
+ sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)‖y‖PC‖l‖L1
+ sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)‖l‖L1 .
ﬂ/bdxFu{i3qtsFixtfjh
‖y‖PC ≤
|η| sup
t∈[0,b]
e	p(t, 0) + sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)‖l‖L1
1− sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)‖l‖L1 −
m∑
k=1
sup
t∈[0,b]
e	p(t, tk)ck
:= M.
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^0if
U = {y ∈ PC : ‖y‖PC < M + 1}.
 \nFibaì!ice_ﬀfjbdc
N : U → P(PC)
ghu-s}ìFì!icu{i3p]gr3baxtfjgrxtsFbds}u%_axFk 3bdp]ìFrifeih bdxfegrxtsFbasFu3
2CcjbdpfenFi|nFbdgh3iﬂba
U
vfjnFi3c{iﬂgruxFb
y ∈ ∂U
ujs}nfenF_ﬀf
y ∈ λN(y)
Zbdc\u{bdp]i
λ ∈ (0, 1).
u
_ﬂ3bdxFu{i3qtsFixF3iba!fenFiyxFbdx}rgrx}i³_ac;_a feicjxC_ﬀfjghzai\ba0^0i3cj_³t¬~BnC_as}kFi3cÖfBìOi!

ü	¨v /iykFikFsF3iyfenC_Uf
N
nC_auy_%î}íBi3kì!bagrxf
y
ghx
U
nFgrngru_äujbdhs}feghbdxbafenFiﬂìFc{bd`Fhi3p
	
ø


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ﬃ -!
lim
|x|→+∞
Ik(x)
x
= 0
±³«U¯%¤j©>§­
k = 1, ..., m

+Z±
sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)‖l‖L1 +
m∑
k=1
sup
t∈[0,b]
e	p(t, tk)εk < 1,

­C¤¯e¤
εk, k = 1, . . . , m
©a¯e¤ 	C«µ´¦ª@¦a¤-§«U·}´ª¨©a·Cª´Wª­}©aª

¦ººC´
	C¤§¦ "7¤j¥þº ©aª¤¯ Úª­C¤·mª­C¤ 	O¯e«a»3ºr¤®
ﬃ ! ﬃ !%­}©U´-©aªÖºr¤j©U´ª\«U· ¤W´µ«UºÐ¹Bª@¦¨«U· «U·
[0, b]


DGMM 
^0if
y
`!iujsFnfjnC_ﬀf
y ∈ λN(y)
Zbdc]ujbdp]i
λ ∈ (0, 1)
  \nFixv7fen}i3cjimiíBgruKf
v ∈ SF,y
u{sFnfjnC_ﬀf\Zbdc\i3_an
t ∈ [0, b]
v
y(t) = λe	p(t, 0)η + λ
∫ t
0
e	p(t, s)v(s)∆s+ λ
∑
0<tk<t
e	p(t, tk)Ik(y(t
−
k )).

 ü

grp]ìFhgri3uÖfenC_UfyZbac\i³_an
εk > 0
v}fjnFi3c{iﬂiíBgruKfeuy_]bdxFuKf_axf
A > 0
ujsFnfenC_Uf
|x| ≥ A⇒ |Ik(x)| ≤ εk|x|.
^0if
E1 = {t; t ∈ [0, b] : |x(t)| < A},
E2 = {t; t ∈ [0, b] : |x(t)| ≥ A}
_axFk
C1 = max{|Ik(x(t))|, t ∈ E1}.
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_ﬀxFk

ü

v}Zbdc\i3_an
t ∈ [0, b]
v
|y(t)| ≤ |η| sup
t∈[0,b]
e	p(t, 0) +
∑
tk∈E1
e	p(t, tk)|Ik(y(t
−
k ))|
+
∑
tk∈E2
e	p(t, tk)|Ik(y(t
−
k ))|
+ sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)‖y‖PC‖l‖L1
+ sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)‖l‖L1
≤ |η| sup
t∈[0,b]
e	p(t, 0) + C1
m∑
k=1
sup
t∈E1
e	p(t, tk)
+
m∑
k=1
sup
t∈E2
e	p(t, tk)εk‖y‖PC
+ sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)‖y‖PC‖l‖L1
+ sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)‖l‖L1.
ﬂ/bdxFu{i3qtsFixtfjh
‖y‖PC ≤
|η| sup
t∈[0,b]
e	p(t, 0) + C1
m∑
k=1
sup
t∈E1
e	p(t, tk) + sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)‖l‖L1
1− sup
(t,s)∈[0,b]×[0,b]
e	p(t, s)‖l‖L1 −
m∑
k=1
sup
t∈E2
e	p(t, tk)εk
:= M¯.
^0if
U = {y ∈ PC : ‖y‖PC < M¯ + 1}.
 \nFibaì!ice_ﬀfjbdc
N : U → P(PC)
ghu-s}ìFì!icu{i3p]gr3baxtfjgrxtsFbds}u%_axFk 3bdp]ìFrifeih bdxfegrxtsFbasFu3

2Ccjbdp fen}i%nFbdgh3i%ba
U
v fjnFi3c{iþgru xFb
y ∈ ∂U
ujsFn fjnC_ﬀf
y ∈ λN(y)
Zbacujbap6i
λ ∈ (0, 1).
u_6bdxFujiqtsFi3xFiþbafjnFix}bdxFrghxFi³_ﬀc_ahfji3cjxF_ﬀfeg zdi|baÚ^0i3cj_³t¬~BnC_as}kFi3cf>ìOi 

üv /i-kFi3kFs}3i
fenF_ﬀf
N
nC_auy_þî}íBi3kì!bdghxf
y
grx
U
n}grnmghu_þujbdhs}feghbdxbafenFiﬂìFc{bd`Frip
	 
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 i\ì}cji3u{i3xf;xFbQ_cjiujsF fùZbdcIfjnFi\ìFc{bd`Frip
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ghfjnþ_WxFbdx}3bdxzdi$íþzﬀ_ars}i3kþcjghdnfùnC_ﬀxFk
ujghkFiaÖ^0if
(X, d)
`Oi|_þp6ifecjghujìC_ﬀ3iﬂgrxFk}sF3ikZc{bdp fen}i|x}bdcjp]i3k,ujìF_a3i
(X, | · |)

ﬂ/bdxFu{grkFic
Hd : P(X)× P(X) −→ 
 + ∪ {∞}
dghzai3x`
Hd(A,B) = max
{
sup
a∈A
d(a, B), sup
b∈B
d(A, b)
}
,
nFicji
d(A, b) = inf
a∈A
d(a, b), d(a, B) = inf
b∈B
d(a, b)
  \nFi3x
(Pb,cl(X), Hd)
gruÖ_|p6ifecjghujìC_ai
_axFk
(Pcl(X), Hd)
ghu_äai3xFice_ahgr3ik,p6ifecjghWujìF_a3i

u{i3i  



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N : X → Pcl(X)
¦r´þ§j©aººr¤j¥
© !
γ
  ¦*	C´µ§­>¦ª-¦ ±-©a·O¥,«U·CºÐ°ä¦ ±ﬂªZ­C¤¯e¤þ¤ d¦r´ª´
γ > 0
´¹C§­ªZ­}©aª
Hd(N(x), N(y)) ≤ γd(x, y)
±³«U¯%¤j©>§­
x, y ∈ X,
» ! ©§«U·Cª@¯{©>§ª¦¨«U·à¦ ±ﬂ©a·O¥«U·CºÐ°]¦ ±ﬂ¦ªÖ¦r´
γ
  ¦*	C´µ§­>¦ª

¦ªZ­
γ < 1

N
nC_au6© "$B¤j¥ 	C«U¦·Cªùg fjnFi3c{i]ghu
x ∈ X
u{sFn fjnC_ﬀf
x ∈ N(x).
 \nFiäî}íBi3k ì!bdghxfﬂujif|ba
fen}iypsFhfjghzﬀ_ars}i3k%bdìOi3cj_ﬀfebac
N
grr}`!ikFixFbafeik6`
FixN
 2Cbdcùp]bdcji\kFif_aghruÚbdx]p%sF feg za_ﬀrsFik
p6_aìFu /ic{iZic|fjbfen}i*`ObBbdtu-ba10igrp]rgrx}

3	¨vﬂbdc{xFgrigr 

û	v ys _axFk _aìC_ﬀdi3bdc{dgrbas
¢aŁ
_ax}k  bdruKfebdx}bddbµz¢aü
WsFcW3baxFujghkFi3cj_ﬀfeghbdxFu _acji%`F_aujik bdxmfen}iZbdrhbgrxFäî}íBi3k ìObdgrxf fenFibdcjipZbdcy3baxtfjce_afeghbdx
p%sF feg za_ﬀrsFik6bdìOi3cj_ﬀfebacju7dg zdix`t ﬂ/bµzBg feﬂ_ax}k 5_akFhi3cgrx

ûﬀŁ 

ø

ujiiﬂ_aru{b 0i3ghp6hgrxFFv 

3
 \nFibdcjip
4

	

 
< & & A,) ﬁ
¤ª
(X, d)
»¤%©§«U® 	Oºr¤ª¤®*¤ª@¯$¦¨§ﬂ´
	}©>§¤ +Z±
N : X → Pcl(X)
¦r´%©m§«U·Cª¯{©>§ 
ª@¦¨«U· ÖªZ­C¤·
FixN 6= ∅

^0ifysFugrxfec{bBk}sF3iﬂn>ì!bafjnFi3u{i3u1nFgrnm_acjiﬂ_ﬀujujs}p6iknFicji3_ﬀfeic


 F : [0, b] × 
 −→ Pcp( 
 )
nC_auäfen}iì}cjbdìOi3cKf fenC_ﬀf
F (·, y) : [0, b] → Pcp( 
 )
ghu
p]i³_au{sFce_ﬀ`FriWZbdc\i3_an
y ∈ 





 \nFicji|iíBgruKf3bdx}u{f_ﬀxtfju
dk ≥ 0
ujs}nfenF_ﬀf
|Ik(y)− Ik(y)| ≤ dk|y − y|
Zbdc\i3_an
y, y ∈ 
 .
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	 ! ﬃ 

!*©a¯e¤´3©aª¦r´ "7¤j¥ 

¤ª
τ > 1
+Z±
1
τ
+
m∑
k=1
G∗dk < 1, 
­C¤¯e¤
G∗ = sup
(t,s)∈[0,b]×[0,b]
e	p(t, s),
ª­C¤· ªZ­C¤ +² ﬃ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«U¯¤j©>§­
y ∈ PC,
ª­C¤´µ¤ª
SF,y
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 i%ujnF_ar
ujn}b	 fjnC_ﬀf
N
ue_UfegruKîCi3uyfenFi%_auju{sFp6ìBfegrbaxFu bﬀÖ^
ip6p6_]ø} B  \nFiìFcjb>ba
grh `Oiﬂdghzai3xgrxf b*u{fji3ìFu
ï õ³<>é 

N(y) ∈ Pcl(PC)
±³«U¯¤j©>§­
y ∈ PC

ë
xFkFii3kvÚhif
(yn)n≥0 ∈ N(y)
u{sFn fenC_ﬀf
yn −→ y˜
grx
PC
  \nFi3x
y˜ ∈ PC
_axFk fjnFi3c{i
iíBghu{feu
vn ∈ SF,y
ujs}nfenF_ﬀfZbdc\i³_an
t ∈ [0, b]
yn(t) = e	p(t, 0)η +
∫ t
0
e	p(t, s)vn(s)∆s+
∑
0<tk<t
e	p(t, tk)Ik(y(t
−
k )).
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w u{grxF fenFi/@_ﬀffjnC_ﬀf
F
nC_ﬀuù3bdp]ìC_afzﬀ_ahsFi3u_axFk%Zcjbap

 3

v i\p*_³|ìC_au{ufebW_ujsF`}uji3qtsFixF3i
gh xFi3i3u{ue_acK6fjbdiffjnC_ﬀf
vn
3baxtzai3c{di3u7fjb
v
ghx
L1([0, b], 
 )
_axFk*nFi3xFi
v ∈ SF,y
  \nFixvBZbdc
i³_ﬀn
t ∈ [0, b]
v
yn(t) −→ y˜(t) = e	p(t, 0)η +
∫ t
0
e	p(t, s)v(s)∆s+
∑
0<tk<t
e	p(t, tk)Ik(y(t
−
k )).
~BbFv
y˜ ∈ N(y)

ï õ³<>é  ­C¤¯e¤%¤ d¦r´ª´
γ < 1
´¹C§­,ªZ­}©aª
Hd(N(y), N(y)) ≤ γ‖y − y‖
Zbdc\i³_ﬀn
y, y ∈ PC.
^0if
y, y ∈ PC
_axFk
h1 ∈ N(y)
& \n}i3xvfenFicji-iíBgruKfeu
v1(t) ∈ F (t, y(t))
ujsFnmfjnC_ﬀfZbdci³_ﬀn
t ∈ [0, b]
v
h1(t) = e	p(t, 0)η +
∫ t
0
e	p(t, s)v1(s)∆s+
∑
0<tk<t
e	p(t, tk)Ik(y(t
−
k )).
2Ccjbdp

23

ghf\Zbdhrbu/fjnC_ﬀf\Zbdc\i3_an
t ∈ [0, b]
v
Hd(F (t, y(t)), F (t, y(t))) ≤ l(t)|y(t)− y(t)|.
 ixF3iﬀvCfenFicjiﬂiíBgruKfeu
w ∈ F (t, y(t))
u{sFnfjnC_ﬀf\Zbdc\i3_an
t ∈ [0, b]
v
‖v1(t)− w‖ ≤ l(t)|y(t)− y(t)|.
ﬂ/bdxFu{grkFic
U : [0, b] → P( 
 )
dghzai3x`t
U(t) = {w ∈ 
 : ‖v1(t)− w‖ ≤ l(t)|y(t)− y(t)|}.
~BghxF3iyfenFiWpsFhfjghzﬀ_ars}i3k]bdì!ice_ﬀfjbdc
V (t) = U(t)∩F (t, y(t))
grup6i3_aujsFcj_a`Fhi

uji3iﬂÚc{bdì!baujghfjgrbdx
ëjë{ë
¢ú,ghx 

 

vfenFicjiäiíBghu{feuﬂ_ZsFx}feghbdx
v2(t)
n}grn gru_p]i³_au{sFce_a`}ri%u{i3rifjgrbdxàZbdc
V
þ~Bb}v
v2(t) ∈ F (t, y(t))
_ﬀxFkZbdc\i³_an
t ∈ [0, b]
v
‖v1(t)− v2(t)‖ ≤ l(t)|y(t)− y(t)|.
^0ifysFukFiîCxFiﬂZbdc\i³_an
t ∈ [0, b]
v
h2(t) = e	p(t, 0)η +
∫ t
0
e	p(t, s)v2(s)∆s +
∑
0<tk<t
e	p(t, tk)Ik(y(t
−
k ))

 i|k}iîCxFi|bdx
PC
_ax,i3qtsFg zﬀ_arixtfyxFbacjp `
‖y‖∗ = sup
t∈J
e	(τG∗l)(t, 0)|y(t)|
Zbdc_ﬀr
y ∈ PC,
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nFicji
e	(τG∗l)(t, 0)
ghu7fenFiﬂsFx}grqtsFiﬂujbdhs}feghbdxbafenFiﬂìFc{bd`Fhi3p
y∆(t) = τG∗l(t)y(t), y(0) = 1,
nFicji
τG∗l
gru_äcjidcjiuju{ghzdiﬂZsFxFfeghbdx

2Ccjbdp

23

_axFk

 

vFZbdc\i3_an
t ∈ [0, b]
v
|h1(t)− h2(t)| ≤
∫ 1
0
e	p(t, s)‖v1(s)− v2(s)‖∆s
+
m∑
k=1
e	p(t, s)|Ik(y(t
−
k ))− Ik(y(t
−
k ))|
≤
∫ t
0
G∗l(s)|y(s)− y(s)|∆s
+
m∑
k=1
G∗dk|y(t
−
k )− y(t
−
k )|
≤ 1
τ
∫ t
0
τG∗l(s)|y(s)− y(s)|∆s
+
m∑
k=1
dkG∗|y(t
−
k )− y(t
−
k )|
≤ 1
τ
∫ t
0
τG∗l(s)eτG∗l(s, 0)eτG∗l(0, s)|y(s)− y(s)|∆s
+
τ
τ
m∑
k=1
dkG∗|y(t
−
k )− y(t
−
k )|
≤
1
τ
∫ t
0
[eτG∗l(s, 0)]
∆e	(τG∗l)(s, 0)|y(s)− y(s)|∆s
+
τ
τ
m∑
k=1
dkG∗|y(t
−
k )− y(t
−
k )|
≤
1
τ
eτG∗l(t, 0)‖y − y‖∗ +
m∑
k=1
dkG∗eτG∗l(t, 0)‖y − y‖∗.
 \ntsFu
‖h1 − h2‖∗ ≤
(
1
τ
+
m∑
k=1
G∗dk
)
‖y − y‖∗.
 _ax _axC_ﬀrbddbasFu-c{i3r_ﬀfeghbdxvba`}f_aghxFi3k `t grxfeicjnC_ﬀxFdgrx}mfenFi*cjbdhi3u%ba
y
_ax}k
y,
ghf|Zbdrhbu
fenF_ﬀf
Hd(N(y), N(y)) ≤
(
1
τ
+
m∑
k=1
G∗dk
)
‖y − y‖∗.
~BbFv
N
gru;_ﬂ3baxtfjce_afeghbdx]_axFk6fjntsFu3v>`]^
ip6p6_ø}¢}v
N
nF_auÖ_ﬂî}íBik*ìObdgrxf
y
n}grn*ghu;ujbdhs}feghbdx
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 iþi3qtsFgrìàfjnFiþujìF_a3i
PC
g fenmfjnFiþbdc{kFi3cWc{i3r_ﬀfeghbdx
” ≤ ”
k}iîCxFik `tfenFiþbdxFi
K
grx
PC
v
fenF_ﬀfgru
K = {y ∈ PC : y(t) ≥ 0, t ∈ [0, b]}.
ë fgruÖ>x}b	xfjnC_ﬀfÖfenFiy3baxFi
K
ghux}bdcjp6_aCgrx
PC.
 \nFi kFife_agrhu;ba03baxFi3u/_axFk6fjnFi3ghcì}cjbdìOi3cKfegriu
p6_µ`!iZbdsFx}kghxﬁyi3gh>tghÝ_þ_axFk^
_atujnFp]grU_axfjnC_ap 

^
if
α, β ∈ PC
ujsFnmfjnC_ﬀf
α ≤ β.
fen}i3x`t_ﬀxbacjkFicyghxfei3cKzﬀ_a
[α, β]
iﬂp6i3_ax_äu{if baIì!bdghxfeu\grx
PC
dg zdix`
[α, β] = {y ∈ PC : α ≤ y ≤ β}.
^0if
D,Q ∈ Pcl(PC)
  \nFixà`
D ≤ Q
i|p6i3_ax
α ≤ β
Zbac_ar
α ∈ D
_axFk
β ∈ Q.
 \ntsFu
α ≤ D
grp]ìFhgri3u;fenF_ﬀf
α ≤ y
Zbdc\_ah
y ∈ Q
grxìF_ac{fjgr3s}Ý_acvBg 
D ≤ D,
fen}i3x,ghf7ZbarrbuÖfenC_ﬀf
D
gru_þu{grxFdhifjbdx,ujif3
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X
»¤6©a·Q«U¯{¥>¤¯¤j¥¶ ©a·O©>§­m´
	}©>§¤¸ ®]© 	 	O¦·'
N : X → Pcl(X)
¦r´
§j©aººr¤j¥6¦r´µ«Uª«U· ¤ﬂ¦· §¯e¤j©U´¦·']¦ ±
x, y ∈ X 
¦ª­
x < y,
ª­C¤·

¤W­}© a¤ﬂª­}©aª
N(x) ≤ N(y).
 
T
<tMDU<'&  ﬀ 

  
¤ª
[a, b]
»¤©a·ò«U¯j¥>¤¯¦·Cª¤¯ U©aº7¦·X© ¶ ©a·O©>§­ ´
	}©>§¤©a·O¥ ºr¤ª
A,B :
[a, b] → Pcl(X)
»¤ﬂª

«]®þ¹BºÐª@¦U©aºÐ¹C¤j¥«-	C¤¯j©aª«U¯e´W´3©aª@¦r´Z±$°ﬀ¦·'
ﬃ¡¦*!
A
¦r´ﬂ®þ¹BºÐª@¦U©aºÐ¹C¤j¥§«U·Cª¯{©>§ª@¦¨«U· 
ﬃ¡¦¦*!
B
¦r´§«U® 	Oºr¤ª¬¤ºÐ°§«U·Cª¦·C¹C«U¹´-
ﬃ¡¦¦¦*!
A
©a·O¥
B
©a¯e¤|¦r´µ«Uª«U· ¤ﬂ¦· §¯e¤j©U´¦·'Ö©a·O¥
ﬃ¡¦ !
A(x) +B(x) ⊂ [a, b]
±³«U¯-©aºº
x ∈ [a, b].

¹B¯$ª­C¤¯]¦ ±äª­C¤§«U· ¤
K
¦·
X
¦r´]· «U¯$®]©aº*yª­C¤· ªZ­C¤,«-	C¤¯{©aª¬«U¯ä¦· §ºÐ¹´¦¨«U·
x ∈ A(x) + B(x)
­}©U´©ºr¤j©U´ª "$B¤j¥ 	C«U¦·Cª
x∗
©a·O¥© a¯e¤j©aª¤´ª#"$B¤j¥ 	C«U¦·Cª
x∗
¦·
[a, b]. 
«U¯e¤«a¤¯
x∗ = lim
n→∞
xn
©a·O¥
x∗ = lim
n∞
yn, 
­C¤¯e¤
{xn}
©a·O¥
{yn}
©a¯e¤|ª­C¤´µ¤ 3¹¤· §¤´W¦·
[a, b]
¥>¤ ";· ¤j¥»3°
xn+1 ∈ A(xn) +B(xn), x0 = a
©a·O¥
yn+1 ∈ A(yn) +B(yn), y0 = b.
 \nFiWZbdhrbgrxF|3baxF3iì}fba
rbi3c\_ﬀxFksFìFìOi3c\u{bdrs}fjgrbdx}uÖZbdc
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nC_ﬀu7`!ii3x,grxfjcjb>kFsF3ik
` /ixFnFbdnFcj_}v  ixFkFi3c{ujbdx v_ax}k 5febdsB_au üùZbdcWìOi3c{grb>kFgr`!bds}xFkC_acKmzﬀ_ars}i%ìFcjba`Frip6uWZbdc
grp]ìFsFhujg zdi]kFg

i3c{i3xfegr_a;grxFrsFu{grbdxFu_ﬀfîBí}ik p6bap6ixtfju

uji3i,_ﬀrujb 3	


ë
f6grh;`!i]fenFi`F_aujgh
feb>bdghxfenFi|_aìFì}cjb_anfjnC_ﬀfZbdrhbu3
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α ∈ PC
¦r´þ´3©a¦@¥,ª¬«m»¤]©ºr«

¤¯´µ«UºÐ¹Bª@¦¨«U· «¬± ﬃ ! ﬃ !¦ ±þªZ­C¤¯e¤
¤ d¦r´ª´
v1 ∈ L
1(J, 
 )
´¹C§­àª­}©aª
v1(t) ∈ F (t, α(t))
© @¤«U·
J

α∆(t) + p(t)ασ(t) ≤ v1(t)
© @¤ «U·
J

t 6= tk, α(t
+
k ) − α(t
−
k ) ≤ Ik(α(t
−
k )), t = tk, k = 1, . . . , m
©a·O¥
α(0) ≤ η

¦®þ¦º ©a¯$ºÐ° \©W±$¹B· §ª@¦¨«U·
β ∈ PC
¦r´-´3©a¦@¥ª«,»¤þ©a· ¹ 	 	C¤¯´µ«UºÐ¹Bª@¦¨«U· «¬± ﬃ ! ﬃ !6¦ ±|ªZ­C¤¯e¤]¤ d¦r´ªZ´
v2 ∈ L
1(J, 
 )
´¹C§­,ª­}©aª
v2(t) ∈ F (t, β(t))
© @¤«U·
J

β∆(t) + p(t)βσ(t) ≥ v2(t)
© @¤ﬂ«U·
J

tk 6= tk

β(t+k )− β(t
−
k ) ≥ Ik(β(t
−
k ))

t = tk

k = 1, . . . , m
Ö©a·O¥
β(0) ≥ η
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ghxF%n>ì!bﬀfenFiuji3u1grh`Oiﬂ_auju{sFp6ikmnFicji3_ﬀfeic3



 \nFiﬂp%s}hfeg ZsFxFfegrbax
F (t, y)
gru\x}bdxFkFi3cji3_aujghxF]grx
y
_ahp6bau{f\izdi3cK nFi3c{i-Zbdc
t ∈ [0, b]




 \nFiZsFx}feghbdxFu
Ik, k = 1, . . . , m
_ac{i|bdxfeghx>s}bdsFuy_axFk,xFbdx}kFi3cji³_ﬀujgrx}F

Wø

 \nFicji7i$íBgru{f
α
_axFk
β ∈ PC,
cjiujìOi3feghzai3 -hb/icù_axFk-sFìFìOi3cIujbdhs}feghbdxFu0Zbdc
fenFiìFcjbd`}ri3p
	 
ø

u{sFnfjnC_ﬀf
α ≤ β.
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­C¤·mª­C¤
¦® 	O¹>º ´¦a¤ +  ² ﬃ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[0, b]

 DGMM  0 iîCxFiﬂf b6p%s}hfeg zﬀ_arsFikp6_aìFu
A,B : PC → P(PC)
`
A(y) = {h ∈ PC : h(t) = e	p(t, 0)η +
∫ t
0
e	p(t, s)v(s)∆s, v ∈ SF,y},
_axFk
B(y) = {h ∈ PC : h(t) =
∑
0<tk<t
e	p(t, tk)Ik(y(t
−
k ))}.
ë
f|³_ax `Oi]u{nFbxvù_ﬀu|ghx fenFiäìFc{bBbaZubﬀ  \nFibdcjip6u|ø}¢ø,_axFk ø} Bv
fjnC_ﬀf
A
_axFk
B
kFiîCx}i]fjnFi
p%sF fegÉ¡zﬀ_ars}i3k bdìOi3cj_ﬀfebdc{u
A : [α, β] → Pcl,cv,bd(PC)
_ﬀxFk
B : [α, β] → Pcp,cv(PC)

ë
f
³_ﬀx `Oiujghp6ghÝ_ac{h u{nFbx fenC_ﬀf
A
_ﬀxFk
B
_acjic{i3u{ì!ifeg zdih psFhfjg ¡zﬀ_ahsFi3k 3bdxfjce_afegrbax _axFk
3bap6ìFhifji3hm3bdxfjgrxtsFbdsFuﬂbdx
[α, β]
"
 i]ujnC_ahùujn}b	ðfenC_ﬀf
A
_ax}k
B
_acjiäghujbafjbdxFiägrxFcji3_aujghxF
bdx
[α, β]
;^
if
x, y ∈ [α, β]
`!iﬂu{sFnfjnC_ﬀf
x < y.
 \nFi3x`t



v}Zbdc\i3_an
t ∈ [0, b]
v
A(x) = {h ∈ PC : h(t) = e	p(t, 0)η +
∫ t
0
e	p(t, s)v(s)∆s, v ∈ SF,x}
≤ {h ∈ PC : h(t) = e	p(t, 0)η +
∫ t
0
e	p(t, s)v(s)∆s, v ∈ SF,y}
= A(y).
 ixF3i
A(x) ≤ A(y)
Ö~Bghp6ghÝ_ac{hþ`

W

vBZbdc\i³_an
t ∈ [0, b], B(x) ≤ B(y).
 \ntsFu
A
_ﬀxFk
B
_ac{ighujbafjbdxFighxF3c{i³_au{grxF6bdx
[α, β]
 2ghxC_ahh iþìFc{bGzaifenF_ﬀf
A(y) + B(y) ⊂
[α, β]
Zbdci3_an
y ∈ [α, β]
^
if
h ∈ A(y) + B(y)
`!i*_ax iri3p]i3xf3  \nFixvùfenFicjii$íBgru{fju
v ∈ Sv,y
u{sFnfjnC_ﬀf\Zbdc\i3_an
t ∈ [0, b]
v
h(t) = e	p(t, 0)η +
∫ t
0
e	p(t, s)v(s)∆s+
∑
0<tk<t
e	p(t, tk)Ik(y(t
−
k )).
^0if
ti = max{tk : tk < t}.
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 k}iîCxFg feghbdx baﬂfenFi sFì}ì!icujbdhs}feghbdxX_axFk fen}i bdxFkFg feghbdxFu


	


ø

v i dif,Zbdci3_an
t ∈ [0, b]
v
h(t) ≤ e	p(t, 0)β(0) +
∫ t1
0
e	p(t, s)[β
∆(s) + p(t)βσ(s)]∆s
+
∫ t2
t+
1
e	p(t, s)[β
∆(s) + p(t)βσ(s)]∆s
+ . . .+
∫ t
ti
e	p(t, s)[β
∆(s) + p(t)βσ(s))]∆s
+
k=i∑
k=1
e	p(t, tk)Ik(β(t
−
k )).
 \ntsFu3vCZbdc\i3_an
t ∈ [0, b]
ep(t, 0)h(t) ≤ β(0) +
∫ t1
0
[ep(s, 0)β(s)]
∆∆s+
∫ t2
t+
1
[ep(s, 0)β(s)]
∆∆s
+ . . .+
∫ t
t+
i
[ep(s, 0)β(s)]
∆∆s+
k=i∑
k=1
ep(tk, 0)Ik(β(t
−
k ))
= β(0) + ep(t
−
1 , 0)β(t
−
1 )− ep(0, 0)β(0) + ep(t
−
2 , 0)β(t
−
2 )
−ep(t
+
1 , 0)β(t
+
1 ) + . . .+ ep(t, 0)β(t)− ep(t
+
i , 0)β(t
+
i )
+
k=i∑
k=1
ep(tk, 0)Ik(β(t
−
k ))
= −ep(t1, 0)[β(t
+
1 )− β(t
−
1 )]− ep(t2, 0)[β(t
+
2 )− β(t
−
2 )]
− . . .− ep(ti, 0)[β(t
+
i )− β(t
−
i )] + ep(t, 0)β(t)
+
k=i∑
k=1
ep(tk, 0)Ik(β(t
−
k ))
≤ −ep(t1, 0)I1(β(t
−
1 ))− ep(t2, 0)I2(β(t
−
2 ))
− . . .− ep(ti, 0)Ii(β(t
−
i )) + ep(t, 0)β(t)
+
k=i∑
k=1
ep(tk, 0)Ik(β(t
−
k ))
= ep(t, 0)β(t).
 ixF3i
h(t) ≤ β(t)
Zbdc\i3_an
t ∈ [0, b].
~Bghp6ghÝ_ac{hdv`,c{i3ìFr_a3ghxF
β
g fen
α
_axFk,cjizdi3c{ujghxF]fjnFiﬂbdcjk}i3c3v i|³_axìFcjbµzaiﬂfjnC_ﬀf
h(t) ≥ α(t),
Zbac\i³_an
t ∈ [0, b].
 \nFix
α ≤ N(y) ≤ β
Zbac_ar
y ∈ [α, β].
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u_ 3baxFujiq>s}i3xFi ba  \nFi3bacji3p ú} Bv /i kFikFsFi fjnC_ﬀf
N
nC_auhi³_auKf_axFk dcji3_ﬀfeiu{f,î}íBi3k
ìObdgrxfÖgrx
[α, β].
 \nFgru;ZsFc{fjnFi3cÖgrp]ìFhgri3uIfenC_ﬀf;fjnFi ì}cjbd`Fhi3p
	


ø

nF_aup]grx}grp6_aF_ax}k6p6_UíBgrp6_a
ujbars}fjgrbdxFu/bdx
[0, b].
 
  +- ",	
~BsFì}ì!bdu{i
T = [0, 1]∪ [2, 3]∪ [4, 5]
_axFk
p
_|cji3acji3u{ujg zdiZsFx}feghbdx 
 ibdxFu{grkFicÖfjnFiiq>sF_ﬀfeghbdx
y∆(t) = p(t)y(t), y(0) = 1.

 i|3_axi³_au{grh6ujn}b	òfenC_ﬀf\fjnFiﬂsFxFghq>s}i|u{bdrsBfegrbaxbaIfjnFi|_a`ObGzai-iqtsC_ﬀfeghbdx,gru\dg zdix`
y(t) = ep(t, 0) =


e 
t
0
p(s)∆s,
gh
t ∈ [0, 1],
exp(
∫ 1
0
p(s)∆s+
∫ t
2
p(s)∆s),
gh
t ∈ [2, 3],
exp(
∫ 1
0
p(s)∆s+
∫ 3
2
p(s)∆s+
∫ t
4
p(s)∆s),
gh
t ∈ [4, 5].
hujb i-bdxFujghkFi3c7fjnFiZbdrhbgrxF%kBBxF_ap6ghgrxFrsFu{grbdxbﬀIfjnFiZbdcjp
y∆(t) + p(t)yσ(t) ∈ F (t, y(t)), t ∈ [0, 1], t 6=
1
2
, 


y
(1
2
+)
− y
(1
2
−)
= I1
(
y
(1
2
−))
, 


y(0) = 0, 
Ł

nFicji
F : [0, 1]× 
 → P( 
 )
gru7fjnFiﬂp%sF feghzﬀ_ahsFi3k*p*_aìk}iîCxFikm`
(t, x) → F (t, x) :=
[ x2
x2 + 2
+ t,
x2
x2 + 1
+ t+ 1
]
.
ë
fﬂgru3ri3_ac fjnC_ﬀf
F
gru_bdp6ìF_afbdxzdi$í za_ﬀrsFik p%sFhfjghzﬀ_ahsFi3kp*_aìà_axFk baﬂ7_ace_UfenFobBkFbac{d
^0if
v ∈ [ x
2
x2+2
+ t, x
2
x2+1
+ t + 1]
v}fenFix i|nC_³zdi
|v| ≤ max
(
x2
x2 + 2
+ |t|,
x2
x2 + 1
+ |t|+ 1
)
≤ 3,
Zbdc\i³_an
(t, x) ∈ [0, 1]× 
 .
 ixF3i
‖F (t, x)‖ := sup
{
|v| : v ∈
[ x2
x2 + 1
+ t,
x2
x2 + 1
+ t+ 1
]}
≤ 3 := p(t)ψ(x),
nFicji
p(t) = 1
_axFk
ψ(x) = 3.
 uju{sFp6ifjnC_ﬀffenFicjiﬂiíBghu{feu
c > 0
u{sFn,fenC_ﬀf
|I1(x)| ≤ c,
Zbdc\i³_ﬀn
x ∈ 
 .
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 i|3_ax,îCxFk
M > 0
u{sFnfjnC_ﬀf
M
c sup
t∈[0,1]
e	p
(
t,
1
2
)
+ 3 sup
(t,s)∈[0,1]×[0,1]
e	p(t, s)
> 1.
ﬂ/bdxFu{grkFic\fenFiﬂbdìOi3cj_ﬀfebdc
N : PC −→ P(PC)
k}iîCxFikm`
N(y) = {h ∈ PC : h(t) =
∫ t
0
e	p(t, s)v(s)∆s+ e	p(t,
1
2
)I1
(
y
(1
2
−))
, v ∈ SF,y}.
^0if
y
`Oi6u{sFn fjnC_ﬀf
y ∈ λN(y)
Zbdcu{bdp]i
λ ∈ (0, 1)
  \n}i3xv
fenFicji]iíBgruKfeu
v ∈ SF,y
u{sFn
fenF_ﬀf\Zbdc\i³_ﬀn
t ∈ [0, 1]
iﬂnC_³zdi
y(t) = λ
∫ t
0
e	p(t, s)v(s)∆s+ λe	p
(
t,
1
2
)
I1
(
y
(1
2
−))
.
 \nFghuyghp6ì}rgriufjnC_ﬀf\Zbdc\i3_an
t ∈ [0, 1]
/i|nC_³zdi
|y(t)| ≤ c sup
t∈[0,1]
e	p
(
t,
1
2
)
+ 3 sup
(t,s)∈[0,1]×[0,1]
e	p(t, s)
 \ntsFu
‖y‖PC ≤ c sup
t∈[0,1]
e	p
(
t,
1
2
)
+ 3 sup
(t,s)∈[0,1]×[0,1]
e	p(t, s).
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